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A theoretic treatm ent is given for the planar ethylene-like (Z>2 a) model, the corresponding 
twisted (right-angled) model (Doa), and the general case of D 2  symmetry. The correlations 
between the various sym m etry species which pertain to the molecular vibrations of the con­
sidered models are explained. Complete sets of symmetry coordinates are proposed. The G matrix 
is given for the general Do model. Also the various types of Coriolis couplings are discussed, 
including the relationships between C a elements involving the degenerate a and b species in the 
twisted (D2d) model. Some of the most im portant C a elements are listed.

Sets of sym metry coordinates are also given for the allene (Z>2 <z) and butatriene (D-zh) type 
models.

This is a continuation of the series1-2 of papers 
dealing with standard  expressions of im portance 
in molecular vibrations for a num ber of molecular 
models. The specification of suitable sets of sym ­
m etry  coordinates is regarded as the essential sub­
ject of this work. In  the present paper prim arily the 
sym m etrical X 2Y4 models are treated , viz. the 
planar ethylene-like D^h model and  the tw isted  
(right-angled) X 2Y4 of D^d sym m etry, which both 
are special cases of the appropriate D 2 model. In  
addition a trea tm en t is given for the two related 
models of W X 2Y4 (Z>2d) and W2X 2 Y4(D2Ä).

1. Sym m etrical X2Y 4 M odels

1.1. Introduction

The ethylene-type model has been trea ted  theo­
retically by m any investigators, and m any spectro­

1 S . J .  C y v in ,  J . B r u n v o l l ,  B . N. C y v in ,  I. E l v e b r e d d ,  
and G. H a g e n ,  M ol. P h y s . 14, 43 [1968].

2 S . J . C y v in ,  B . N. C y v in ,  I .  E l v e b r e d d ,  J . B r u n v o l l ,  
a n d  G . H a g e n ,  to  b e  p u b lish e d .

3 B . N. C y v in  and S. J .  C y v in ,  A cta C hem . Scand. 17, 
1831 [1963].

4  W. L. S m ith  a n d  I. M . M i l l s ,  J . C h em . P h y s . 40, 2095
[1964],

5 K . K u c h i t s u ,  T. O k a , a n d  Y. M o r i n o ,  J . M ol. S p e c tr y  
15, 51 [1965],

6 B . N. C y v in  and S. J .  C y v in ,  K g l.  Norske Videnskab. 
Selskabs Skrifter, No. 5 [1965].

7 G . d e  A l t i ,  V. G a la s s o ,  a n d  G . C o s t a ,  S p e c tr o c h im .
A c ta  21, 649 [1965],

scopic works have been published concerning mole­
cules which belong to this s tru c tu re : firstly ethylene 
itself, bu t also halogenated ethylenes and dinitrogen 
tetroxide. We do not find it necessary to  give an 
extensive list of references to  works of this kind 
here; the reader m ay refer to  a bibliography of 
48 references elsewhere3, along with additional 
more recent papers 4-8 and references cited therein.

As to  the orientation of cartesian axes in the 
ethylene-type X 2Y 4 model the m ost common usage 
is to take x  along the X X  atom s and 2 perpendicular 
to the molecular plane in accord with H e r z b e r g 9. 
In  particular this orientation has been chosen in the 
extensive works on ethylenes by C y v i n  and C y v i n  

et a l.3>6> i o - 14 . U nfortunately it  contradicts M u l l i - 

k e n ’s 15 recommendations, according to  which x 
should be taken as perpendicular to the molecular 
plane, and 2 along XX. In  the first p a rt of this series

8  K. V e n k a t e s w a r l u  and S. M a r ia m , C zech o s lo v . J . 
P h y s . B16, 290 [1966],

9 G. H e r z b e r g ,  Molecular Spectra and Molecular Struc­
ture II . Infrared and Ram an Spectra of Polyatomic 
Molecules, D. van Nostrand, New York 1945.

1 0  S. J . C y v in  and B . N. C y v in ,  Acta C h em . Scand. 18, 
1309 [1964].

11 B . N. C y v in  and S. J . C y v in ,  Acta C h em . Scand. 18, 
1690 [1964],

12 B . N. C y v in ,  S. J . C y v in ,  L. A. K r i s t i a n s e n ,  and J . 
B r u n v o l l ,  Acta C h em . Scand. 19, 989 [1965].

1 3  S. J . C y v in ,  J . Mol. Spectry 15, 391 [1965],
1 4  S. J . C y v in ,  B . N. C y v in ,  and J . B r u n v o l l ,  Kgl. N or­

ske Videnskab. Selskabs Skrifter, No. 3 [1966].
1 5  R. S. M u l l i k e n ,  J . Chem. Phys. 23, 1997 [1955].

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



644 B. N. CYVIN, S. J. CYVIN, G. HAGEN, I. ELVEBREDD, AND J. BRUNVOLL

on ten tatively  standardized sym m etry coordinates1 
the  urgency to  follow M u l l i k e n ’s recommendations 
is strongly advocated. In  consistence with this view 
we have adopted the la tte r orientation (with x per­
pendicular to  the molecular plane) for the planar 
X 2 Y 4 model in the present paper. As a consequence 
of the change from the former o rien tation9’12 to the 
la tte r [of the present paper] the species notations 
B\g,  Bin  and B 3u m ust be changed to B 3g, B 3u 
and B \ u , respectively.

The tw isted X 2 Y 4 model of D 2a sym m etry is not 
very  common, bu t B 2CI4 in the gas phase has been 
a ttrib u ted  to th a t s tru c tu re16’17.

1.2. Symmetry and Orientation

The structural param eters including the angle 
of ro ta tion  (2 T),  and the valence coordinates are 
explained by Fig. 1. W ith the here chosen orienta­
tions the planar (D2h) and tw isted (D2d) configura­
tions appear to be the special cases of the D 3 model 
when T  =  0 and 2 T =  n \ 2, respectively. I t  is 
possible to  construct the sym m etry coordinates (cf. 
nex t section) in such a way th a t formally the same 
expressions apply to  all the considered models of the 
three symmetries. The appropriate correlation 
scheme is given in Fig. 2 .

1.3. Symmetry Coordinates

In  the following we give for the sake of conveni­
ence the full specification of suitable sym m etry 
coordinate sets for the  planar and tw isted X 2Y 4 
models, in spite of the fact th a t the expressions 
form ally are the same, only given in a different 
order. B u t for the  general model of D 2 sym m etry 
we do not include the corresponding set of sym ­
m etry  coordinates in order to  avoid too much 
repetition. Again the expressions are the same, and 
the complete set can easily be deduced with the aid 
of the correlation scheme in Fig. 2.

For the planar X 2Y 4 model (symmetry D 2h)' 
S i ( A g) =  \  (ri -f- ro, -|- r3 -j- ^4)
£2 (Ag) = d
8 z {Ag) = i ( i ? Z ))1/2 (ßi +  ß i  +  ßs +  ßi)
S ( B 2g) =  2“1/2 ( R D ) 1/2 ( — y i  +  y 2)
S i ( B 3g) =  \ { r i -  r2 +  r3 — r4)
S 2 (B 3g) =  1 ( R D ) 1/2 (ß1 - ß 2 +  ß 3 -  ß A)
S(Au)  = R t

16 D. E. M a n n  and L. F a n o , J . Chem. Phys. 26, 1665
[1957],

Fig. 1. Symmetrical X 2Y 4  molecular model of general sym ­
metry D 2 (a and b). R  and D  are used to denote the 
equilibrium distances of X —Y and X —X , respectively, 
and the equilibrium YXY angle is 2A.  2 T  is the dihedral 
angle of ro tation  between the  1 —5— 6  and 4—6 —5 planes. 
The special cases of Z>2* and symmetries are the 
(c) planar and (d, e) tw isted models. The valence coordi­
nates ri, d and ßi (i =  1, 2, 3, 4) are shown in the figure 
(a), yi  and y 2 denote out-of-plane bendings; they  involve 
the atoms (1, 2, 5, 6 ) and (3, 4, 6 , 5), where the end atoms 
are 6  and 5, respectively. The twisting coordinate r  is de­
fined in term s of Y XXY torsions by

— r  =  T1563 +  T2564 =  Ti 564 +  T2563 •

Si (-Bi«) =  i  (ri +  r2 — r 3 — r4)
S 2{B \ u) — \  (RD )1'2 (ßi  +  ß 2 — ^3 — ß4)
Si  (B2u) =  \  (ri — r2 — r 3 +  r4)
S 2(B2u) — \  ( R D ) 1/2 (ßi  — ß2 — ß 3 +  ß ^  
S ( B 3u) =  2-1 /2 ( R D ) 1!2 (y\  -(- y 2) .

For the tw isted X 2 Y 4  model (sym m etry D 2d) a 
pair of degenerate coordinates of the E  species, say 
(S ia , Sib)  is oriented as to  transform  like the rigid 
translations (T x , T y). The sym m etry coordinate 
set follows.

S i M i) =  i  (ri +  r2 +  r3 +  r4)

17 K. H e d b e r g  and R . R y a n ,  J . Chem. Phys. 41, 2214
r1964].
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D2d D2 D2h

Fig. 2. Correlation scheme between the symmetry species 
of Z>2 ft, D-2d and Z>2 , pertaining to the  sym m etry coordinates 

of the considered X 2 Y4  models.

$2(-4i) =  d
i  ( R D ) 1!2 (ß i  +  ß 2 +  ß3 +  ^ 4)

SiBx) -  B r
S i {B2) =  i  i n  +  r 2 — r3 — r 4) 
ä 2( 5 2) =  h ( R D ) V 2 (/?! +  ß 2 -  ß 3 -  £ 4)
£ia(J£) =  i  (ri — r 2 +  r 3 — r4)
S 2a(E) =  \  { R D ) 1/2 (ßi  — ß 2 +  /?3 — /?4) 
$3a (^) =  2-1/2 (R D )!/2 (yi +  y 2)

=  I  (^1 — r2 — r 3 +  r 4)
S 2b{E) =  i  { R D ) 1/2 (ßi  — ß 2 — ßs  +  ^ 4)

=  2 - l / 2 ( i? Z ) ) l / 2 ( -  n  +  y 2) .

7.4. G Matrices

The G m atrix  for the p lanar X 2Y 4 model given 
by C yvin  e t a l .12 applies to  the present sym m etry 
coordinates when the changed species notation (cf. 
Section 1.1 above) is taken  in to  account. Here we 
give the G m atrix  (Table 1) in  the general case for 
the X 2 Y 4 model of D 2 sym m etry. The special forms 
for the planar (D 2h) and tw isted (D2a) models are 
easily deduced by  pu tting  T  — 0 and T  =  n \4, 
respectively. In  the la tte r case (T  =  71 j4) it  is seen 
th a t the respective elements of the B2 and B% 
species coincide. This is a p a rt of the sym m etry 
requirem ents, since these tw o blocks are correlated 
w ith the degenerate blocks of E(a)  and E ( b ) in the

D 2a model (cf. Fig. 2). Also otherwise it  is found 
th a t the sym m etrization of G for the two special 
models tu rns out correctly in accord w ith the 
correlation scheme of Fig. 2; all elements combining 
sym m etry coordinates from different species vanish.

1.5. Ca Matrices

Numerous types of Coriolis couplings exist in the 
here considered molecular models. Fig. 3 gives a 
survey of these types and shows the correlations 
between them  as regard to  the models of different

D2d D2 D2h

Fig. 3. Correlation scheme for the types of Coriolis cou­
plings in the X 2 Y4  models of symmetries D^n, Dza and Do.

symmetries. The Ca ( a =  x, y,  z) elements for the 
planar X 2Y 4 (D2h) model given by C y v in  e t a l.12 
are sound when the species notation  is taken  into 
account as explained in Section 1.1. The m ost im ­
portan t one of the Coriolis couplings in question is 
the type of E (a )  x E(b)  for the tw isted X 2Y 4 (D2a) 
m odel; it contains the couplings between degenerate 
coordinate pairs (Qfa , Qib), which consequently are 
attached to  the  same frequency. For the sake of 
brevity we give here (Table 2) only the C2 m atrix  
block for the B 2 x B% coupling in the general model 
of D 2 sym m etry ; this subm atrix  is symmetric. The 
Cz elements for the above m entioned E  (a) X E{b)  
type are obtained by  pu tting  T  =  71/4 in the ex­
pressions of Table 2.

Finally in this section we w ant to  report the 
regularities for Ca elements of the types which 
combine the degenerate species (E) w ith one non-
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Si ( A) 8 2 (A) 8 3 (A) 8 4 (A)

Si (A) 2 h x  cos2  A  +  h y — 2 h x  cos A (D/R)  2 h x  sin 2 A 0

8 2 (A) 2  h x — 2 (D/R)  j h x  sinyl 0

8 3 (A) (D/R)  (2 h x  sin2  A  +  h y ) 0

8 4 (A) 4  //y/sin 2  A

Si(Bo) 8 2 (8 2 )

S i (B2)

S2{B2)

2 f i \  sin2  A  +  n \
D 
R

4 R ( R

2 R  
D sin2  T  +  cos A  ) h x  sin A

D \ D
-  +  cos A  sin2  T  +  cos2  A H X  +  HY\

S i (Bx) $3 (Bq)

SiiBx)
S2(Bi)
S i ( B2)

S 2( B2)

8 3 (8 2 )

2 / ix cos2  A  +  h y (D/R )1 /2  h x  sin 2 A  
(D/R) (2 hx sin‘2 A +  /*y)

(2 R / D )l >2 h x  sin A  sin 2 T

. l u x  sin 2 T  s A )
21 /2  | 2 rf -  +  cos A  +

D  cos

D  +  cos2  A  )  C° s2 T  +  cos2  A H x
f*Y

2 cos2  A

S i (B3) S2(B3)

8 1 (8 3 )

S 2 (B3)

2 h x  sin2  A  +  hy — 2 D 
R

4 R ( R

cos2  T  -f- cos A  I h x  sin A

D \ D

2 R  
D

+  cos A  I cos2  T  -j- cos2  A H x  +  HY

8 3 (8 3 )

8 1 (8 3 )

S 2 (B3)

8 3 (8 3 )

(2 R / D )1!2 h x  sin A  sin 2 T

H x  sin 2 T21/2 [ _|_ cos a
cos A

4 R  ( R  
D \ D

1 )
>s A )

sin2  T  +
1

cos2  A H x
/'Y

2 cos2  A

Tab. 1. G m atrix for the symmetrical X 2 Y4  molecule models (general sym m etry D 2).

degenerate in the considered D^d model. These 
regularities depend on the orientation of the de­
generate coordinates w ith respect to  the cartesian 
axes. W ith the orientation chosen here (Fig. 1) one 
has:

(ii) For the B i x E  type =  Cixta, 
Cixtb — CiVta =  0.

while

(iii) For the B 2x E  type Ctxtb =  — Civta, while 
Cixta =  Ciytb =  0 .

(i) For the A i X  E  type C ^ t b =  — C i xta when S t 
is a coordinate from species A i ,  while ( S t a , Stb) is 
a degenerate pair from E.  Simultaneously Ctxtb 
=  CiVta =  0 .

2. Tw isted Sym m etrical W X 2Y 4 M odel

In the following we w ant to  specify a suitable set 
of sym m etry coordinates for the allene molecule
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Sl(B3)

S i (Bo) 0

S 2(B2) — 2(R/D)1/2 fix sin A sin 2 T
_ /  D \s L  ( 2 R  „ \S ^ B o )  ( 2 J J j 2 1 -  cos A  cos2  T  +  11 //x  +  My tan  A

£ 2  (.6 3 )

S i (B2)

$2 (B2)

S 3(B2) 21/2
I)
R

— 2(R/D)1/2 n x  sin A sin 2 T
R \ .

cos A jux sin 2 T

2 R  
D

+  cos^l

D 1 

2 R 
D cos A cos2  T  +  sin2  T MX My )

S i (B2)

S2(B2) 21/2

Sa(B2)

D 
2 R

2 R  
1)

)‘K
cos A 

2

2 R  
I)

2 R

S 3 (B3)

sin A  sin2  T  +  1 j  f ix  +  My  

1

tan  A

r. H--------- -r- ) sin2  T  +  cos2  TD cos A Mx +  2 my

( R +  M\ D  cos A ) fix  sin 2 T

Tab. 2. Cz m atrix elements of the B 2 X B 3 type for the symmetrical X 2 Y4  molecule models (general sym metry I) 2 ).

m odel18-2 7. This model is an extension of the above 
considered tw isted X 2Y 4 , where a central atom  (W) 
has been added. The orientation of the cartesian 
axes, num bering of atoms, and specification of 
valence coordinates is explained by Fig. 4. Sym­
m etry coordinates:

^ i ( ^ i )  =  \  (ri +  r2 +  r 3 +  r 4)
^ 2 ( ^ 1) =  2-1/2 (d\ +  d2) 
S z i A t i  =  I  (R D )  1/2 ( f t  +  ß 2 +  f t  +  f t )  
S i B i )  =  R r

S i ( B 2) =  i  (ri +  r 2 — r 3 — r 4)
S 2(B 2) =  2-1/2 (^i — d2) 
$ 3 (B 2) =  \  ( R D ) 1/2 (ßi Ar ß 2 — f t  — f t)

18 R . C. L ord  and  P . V e n k a t e sw a r l u , J . Chem. P hys. 
20, 1237 [1952],

19 W. E. S h u l e r  and W. H. F let c h e r . J. Mol. S pectry  1, 
95 [1957].

20 S. J . Cy v in , J . Chem. P h ys. 29. 583 [1958].
21 K . V en k a te sw a r l u  and M. G. K r is h n a  P il l a i. Z. 

P hys. Chem. F rankfurt 18, 396 [1958].
22 I. M. M ills  and  J . L. D u n c a n , J . M ol. S pectry  9. 244  

[1962].
23 K . V en k a te sw a r l u  and K . V . R a ja l a k sh m i, Proc. In ­

dian A cad. Sei. A 5 7 , 186 [1963].
24 I . M. M il l s , W. L. S m it h , and J . L. D u n c a n , J . Mol. 

Spectry  16, 349 [1965],

Sia (E) =  J (ri — r2 +  r 3 — r 4)
S 2a(E) =  I ( R D ) 1/2 (ft — ft +  ft — ft)

Ssa(E) — Dcpx
S Aa(E) =  2 - i / 2 ( £ Z > ) i /2 (y i  +  y 2)
Sib(E)  =  \  (ri — r2 — r3 +  r 4)
S 2b(E) =  I  ( R D ) 1/2 (ßi  — f t  — f t  +  f t )
£3 b(E) = D c p y
S 4b(E) = 2 ~ 1/2 ( R D ) 1/2 ( - y 1 +  y 2).

3. P lan ar Sym m etrical W 2X2Y 4 M odel

Fig. 5 shows the butatriene molecule m odel28-31, 
which is an extension of the considered planar X 2 Y 4 
model, where two central atom s (W) have been

25 A. G. M a k i and R. A. T o t h ,  J . M ol. Spectry 17, 136
[1965],

26 B . A n d e r s e n ,  R. S t o l e v i k ,  J . B r u n v o l l ,  S. J . C y v in ,  
a n d  G. H a g e n ,  A c ta  C hem . S c a n d . 21, 1759 [1967].

2 7  L. N e m e s , J . L. D u n c a n ,  and I. M . M i l l s ,  Spectrochim. 
Acta 23A, 1803 [1967].

28 S. J. C y v in ,  B. N. C y v in ,  P. K l a e b o e ,  and E. Aug- 
d a h l ,  Acta C h em . Scand. 19, 833 [1965].

29 F. A. M i l l e r  and I . M a t s u b a r a ,  Spectrochim. Acta 22. 
173 [1966],

30 G. N a g a r a j a n  and J . R. D u r i g ,  Bull. Soc. Roy, Sei. 
Liege 36, 111 [1967].

31 K. V e n k a t e s w a r l u ,  K. V . R a j a la k s h m i ,  and A. N a -  
t a r a j a n ,  Bull. Soc. Roy. Sei. Liege 36. 347 [1967].



648 SYMMETRY COORDINATES FOR VIBRATION OF POLYATOMIC MOLECULES

added. Symmetry coordinates:

SiM,?) =  | (ri + r2 + r3 + r4)

^2 (̂ 4sr) =  2-1/2 (d\ + d2)

Sz{Ag) — t

$4 (Ag) =  b (RD)U2 (ft + ß2 + ß3 + ßi) 

Si(Btg) =  2-1/2 (RD)II* (-  n  + y2)

S 2 ( B 2j7) =  2-1/2 { D  T ) U2 ( _  y i  V 2 ) 

ä i  (jBs?) =  I  (r i — ^2 + r3 — r4)

S2(tf3,) =  i  (RD)I/2 (ft -  f t  + f t  -  ft) 
S3( £ 33) =  2-i/2 (D T )i/2 (991- ^ 2)

Fig. 5. Planar symmetrical W2X 2Y4 molecular model; sym­
metry Z>2/i- -ß. D  and T  are used for the equilibrium di- 
tances of X —Y, W —X and W —W, respectively, and the 
equilibrium YXY angle is 2A. Valence coordinates as in 
the planar X 2Y4 model of Fig. 1 (c) with some extensions. 
The out-of-plane bendings y\ and 72 here involve the atoms 
(1, 2. 5, 7) and (3, 4, 6 . 8), respectively, cpi and m (i — 1, 2) 
are linear bendings perpendicular to each other as indicated 

on the figure.

Fig. 4. Twisted symmetrical W X 2Y4 molecular model; sym­
metry D ‘id- R  and D  are used to denote the equilibrium 
X —Y and W — X distances, respectively, and the equilib­
rium YXY angle is 2*4. Valence coordinates as in the 
twisted X 2Y4 model of Fig. 1 (d, e) with few extensions. 
The out-of-plane bendings y\ and y=i here involve the atoms 
(1, 2, 5. 7) and (3, 4, 6. 7), respectively. The new coordinates 
denoted <px and rpy are linear bendings for the 5—7 — 6 

chain in the xz and yz planes, respectively.

S{AU) =  R r  

Si(Biu) =  I  (ri + r2 — r3 — r4)

S2(Bi u) =  2_i/2 (d\ — d2)
Ss(Blu) =  i  (RD) 1/2 (ft + f t  _  f t  _  ft) 

Si(B2u) =  \ (ri — r2 — r3 + r4) 

S2 (B2u) =  \ (RD) 1/2 (ft -  f t  -  f t  + ft) 

S3(B2u) =  2-1-/2 (D T ) ^ ( n  + n )

S i(B zu ) =  2 _i /2 (R D ) ! / 2 (y i -f- y2)

S2(Bsu) — 2~i/2 (D T)i/2 (ipi + ip2)-


