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A theoretic treatment is given for the planar ethylene-like (D2;) model, the corresponding
twisted (right-angled) model (Dz4), and the general case of Ds symmetry. The correlations
between the various symmetry species which pertain to the molecular vibrations of the con-
sidered models are explained. Complete sets of symmetry coordinates are proposed. The G matrix
is given for the general Dz model. Also the various types of Coriolis couplings are discussed,
including the relationships between C* elements involving the degenerate a and b species in the
twisted (D2q) model. Some of the most important C* elements are listed.

Sets of symmetry coordinates are also given for the allene (Dsg) and butatriene (Dsj) type

models.

This is a continuation of the series!.2 of papers
dealing with standard expressions of importance
in molecular vibrations for a number of molecular
models. The specification of suitable sets of sym-
metry coordinates is regarded as the essential sub-
ject of this work. In the present paper primarily the
symmetrical X2Ys models are treated, viz. the
planar ethylene-like Dy; model and the twisted
(right-angled) X2 Y4 of Dog symmetry, which both
are special cases of the appropriate Dy model. In
addition a treatment is given for the two related
models of VVX2Y4 (Dzd) and VV2 Xz Y4(D2h).

1. Symmetrical X,Y, Models

1.1. Introduction

The ethylene-type model has been treated theo-
retically by many investigators, and many spectro-
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scopic works have been published concerning mole-
cules which belong to this structure: firstly ethylene
itself, but also halogenated ethylenes and dinitrogen
tetroxide. We do not find it necessary to give an
extensive list of references to works of this kind
here; the reader may refer to a bibliography of
48 references elsewhere3, along with additional
more recent papers 4-8 and references cited therein.

As to the orientation of cartesian axes in the
ethylene-type X, Y4 model the most common usage
is to take x along the XX atoms and z perpendicular
to the molecular plane in accord with HERZBERG 9.
In particular this orientation has been chosen in the
extensive works on ethylenes by Cyvix and Cyvin
et al.3,6,10-14 Unfortunately it contradicts MuLLI-
KEN’s13 recommendations, according to which x
should be taken as perpendicular to the molecular
plane, and z along XX. In the first part of this series
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the urgency to follow MULLIKEN’s recommendations
is strongly advocated. In consistence with this view
we have adopted the latter orientation (with x per-
pendicular to the molecular plane) for the planar
X2 Y4 model in the present paper. As a consequence
of the change from the former orientation? 12 to the
latter [of the present paper] the species notations
Big, Biy and Bz, must be changed to By, B3y
and By, respectively.

The twisted X5 Y4 model of Dy; symmetry is not
very common, but BsCly in the gas phase has been
attributed to that structurel6.17.

1.2. Symmetry and Orientation

The structural parameters including the angle
of rotation (27'), and the valence coordinates are
explained by Fig. 1. With the here chosen orienta-
tions the planar (Dsj) and twisted (Dgg4) configura-
tions appear to be the special cases of the D3 model
when 7'=0 and 27 = x/2, respectively. It is
possible to construct the symmetry coordinates (cf.
next section) in such a way that formally the same
expressions apply to all the considered models of the
three symmetries. The appropriate correlation
scheme is given in Fig. 2.

1.3. Symmetry Coordinates

In the following we give for the sake of conveni-
ence the full specification of suitable symmetry
coordinate sets for the planar and twisted XsY,
models, in spite of the fact that the expressions
formally are the same, only given in a different
order. But for the general model of Dy symmetry
we do not include the corresponding set of sym-
metry coordinates in order to avoid too much
repetition. Again the expressions are the same, and
the complete set can easily be deduced with the aid
of the correlation scheme in Fig. 2.

For the planar X, Y4 model (symmetry Doy):

S1(4g) =4 (ri+ro+r3+1r4)

S2(44) =d

S3(4g) =3 (RD)V2(B1 4 P2 + 3 + fa)
S(Bzg) =2-Y2(RD)V2(— y1+ y2)
S1(Bsg) = ¥ (r1 — ra + rg —ry4)
Sg(Bsg) = 3 (RD)V2(f1 — B2 + Pz — Pa)
S(4y,) =Rz

16 D. E. Maxx and L. Faxo, J. Chem. Phys.
[1957].
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Fig. 1. Symmetrical X2Y4 molecular model of general sym-

metry D2 (a and b). R and D are used to denote the
equilibrium distances of X—Y and X—X, respectively,
and the equilibrium YXY angle is 24. 27 is the dihedral
angle of rotation between the 1 —5—6 and 4—6—5 planes.
The special cases of Doy and Dsg symmetries are the
(c¢) planar and (d, e) twisted models. The valence coordi-
nates r;, d and f; (1 = 1, 2, 3, 4) are shown in the figure
(a). y1 and y2 denote out-of-plane bendings; they involve
the atoms (1, 2, 5, 6) and (3, 4, 6, 5), where the end atoms
are 6 and 5, respectively. The twisting coordinate 7 is de-
fined in terms of YXXY torsions by

— T = T1563 + T2564 = T1564 + 72563

+re—1r3—7ry)

S1(B1a) = % (11

Sa(B1u) = 3 (RD)Y2 (B1 + B2 — B3 — fa)
S1(B2y) = % (r1 — 12 — r3 4 14)
Se(B2y) = 4 (RD)V2 (1 — f2 — p3 + pa)
S(Bsy) = 27Y2(RD)12(y1 + y2).

For the twisted X5Y4 model (symmetry Dyg) a
pair of degenerate coordinates of the & species, say
(Sia, Sip) is oriented as to transform like the rigid
translations (7'z, 7). The symmetry coordinate
set follows.

S1(A41) =% (r1+re +r3+1r4)

17 K. HepBERG and R.Ryax, J. Chem. Phys. 41, 2214
r1964].
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Fig. 2. Correlation scheme between the symmetry species
of Dap, D2g and Do, pertaining to the symmetry coordinates
of the considered X2Y4 models.

Sa(41) =d

S3(41) = 3 (RD)12(B1 + B2 + B3 + fa)
S(Bl) =Rt

S1(B2) = % (r1 412 —r3 —14)

Sz (Bz) = § (RD)Y2(B1 + B2 — p3 — fa)

S1a(E) =} (r1 —r2 + 13 —14)

Seq(E) = § (RD)12 (1 — B2 + B3 — fa)

S3q(E) = 2712(R D)12 (y1 + y2)

S1p(E) = }(r1 — 712 — 13 -+ 14)

Sap(E) = § (BRD)V2 (1 — B2 — B3 + Ba)
S3p(E) = 2712 (RD)12(— y1 + y2) .

1.4. G Matrices

The G matrix for the planar X»Y4 model given
by Cyvix et al.12 applies to the present symmetry
coordinates when the changed species notation (cf.
Section 1.1 above) is taken into account. Here we
give the G matrix (Table 1) in the general case for
the X5 Y4 model of Dy symmetry. The special forms
for the planar (Dg) and twisted (Dgg) models are
easily deduced by putting 7' =0 and 7T = z/4,
respectively. In the latter case (7' = 7/4) it is seen
that the respective elements of the B; and Bg
species coincide. This is a part of the symmetry
requirements, since these two blocks are correlated
with the degenerate blocks of E (a) and E (b) in the
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Dsg model (cf. Fig. 2). Also otherwise it is found
that the symmetrization of G for the two special
models turns out correctly in accord with the
correlation scheme of Fig. 2; all elements combining
symmetry coordinates from different species vanish.

1.5. C* Matrices

Numerous types of Coriolis couplings exist in the
here considered molecular models. Fig. 3 gives a
survey of these types and shows the correlations
between them as regard to the models of different

[E(a)xf(b) }'——— B2%B3= By(R;) ——"‘LBZU" 83y ]

Fig. 3. Correlation scheme for the types of Coriolis cou-
plings in the X5Y4 models of symmetries Dap, D2g and Ds.

symmetries. The C* (x= =z, y, z) elements for the
planar X>Yy (D2p) model given by CyviN et al.12
are sound when the species notation is taken into
account as explained in Section 1.1. The most im-
portant one of the Coriolis couplings in question is
the type of E (a) X E (b) for the twisted XoY4(D2q)
model; it contains the couplings between degenerate
coordinate pairs (Qiqz, @i»), which consequently are
attached to the same frequency. For the sake of
brevity we give here (Table 2) only the C? matrix
block for the By X Bjs coupling in the general model
of Dy symmetry; this submatrix is symmetric. The
C? elements for the above mentioned E (a) X E (b)
type are obtained by putting 7' = 7/4 in the ex-
pressions of Table 2.

Finally in this section we want to report the
regularities for C* elements of the types which
combine the degenerate species (E) with one non-
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S1(4) S2(4) S3(4) S4(4)
S1(4) 2 ux cos2 4 + py — 2 ux cos A (D/R) ¥ ux sin2 4 0
Sa2(A4) 2 ux — 2(D/R) : px sin A 0
S3(4) (D/R) (2 ux sin 4 + uy) 0
S4(A) 4/.ty/Sin2 A
S1(B2) S2(B2)
o D 5 .
S1(B2) 2 uxsin? A + py B sm- T + cosA | ux sin A
S(Ba) . { [ <g o A) gin® 7" - pos? A} ux + ,q-}
S1(B1) S2(B1) S3(B2)
S1(B1) 2pxcos?Ad + py (D/R)2 uxsin2 4
Sa(By) (D/R) (2 ux sin2 4 + uy)
S1(B2) —(2R/D)Y2 ux sin Asin2 7T
2R 1
A 91/2 & .
Sa(Bz2) 2 (D +cos A + cosA)'ukSanT
D ([4R [ R 1 1
v 2y i 2
a(B2) R{[D (D+cos24~1>cos T+cos2A 'l\+2coszA}
S1(Bs) 82 (Bs)
S1(Ba) 2uxsin? 4 + py -2 (% )i (31? cos2 T -+ cos A) ux sin A
D 4R [ R
Sa(Bs3) R {2[ D (D —@—cosA) cos2T+cos2A}/zx+,uy}
S3(Bs)
S1(Bs) — (2R/D)'2 uxsin Asin2 T
2R 1
R el i
So(Bg) 2 ( D + cos 4 + — )y;,sm2T
D ([4R [ R 1 . 1 ny
= - 2 NI (e (i
S3(Bs) R{( D (D T cosA)sm T+COS‘ZA]'“}\+2COSZA}
Tab. 1. G matrix for the symmetrical XoY4 molecule models (general symmetry D).
degenerate in the considered Ds; model. These (ii) For the By x E type Ci¥p = Ci%q, while
regularities depend on the orientation of the de- (%) = (%, = 0.
generate coordinates with respect to the cartesian (iii) For the By x E type Ci%y — — Ci¥s, while

axes. With the orientation chosen here (Fig. 1) one Ci%a = Ci¥yp = 0

has:

(i) For the A; X E type Ci¥p = — Ci%, when S;
is a coordinate from species A1, while (S, Stp) is

2. Twisted Symmetrical WX,Y, Model

a degenerate pair from E. Simultaneously C;% In the following we want to specify a suitable set
= Ci¥q = 0. of symmetry coordinates for the allene molecule
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S1(B3)
S1(B2) 0
Sz (Bs) —2(R/D)12 ux sin Asin2 T
D \} 2R
S3(B2)  — (2 R) [2 ( D o8 A cos2T + I) ux + /lyJ tan A
S2(Bs)
S1(Bz2) —2(R/D)}2 uxsin Asin2 T
Sa2(B2) 4 (—g— -+ cos A) puxsin27T
D 2R 2R 1
1/2 = | = 2 2 . .
S3(B2) 2 i {1( D ~rcosA)( D T osd )cos T+ sin2T| ux + 5 ,uy}
S3(Bs)
D \i 2R . :
S1(Bs2) — <»2 R—) [2 (7DW' sin 4 sin2 7' + 1) nx + ,uyJ tan A
D 2R R 1 1
(B 12 2|22 R SO N PN 2 ol o g
Sa(B2) 2 & {[( D +cosA>< D -+ ] )sm T + cos T} ux + 5 ‘lly}
R 1
> 2(- ¢ si
S3(Bs) (D + v ),u;,sm?T

Tab. 2. C* matrix

model18-27 This model is an extension of the above
considered twisted X2 Y4, where a central atom (W)
has been added. The orientation of the cartesian
axes, numbering of atoms, and specification of
valence coordinates is explained by Fig. 4. Sym-
metry coordinates:

elements of the By x B3 type for the symmetrical X>Y4 molecule models (general symmetry Ds).

S1(A1) =3 (r1 + ra + r3 + r4)
Sa (A1) = 2712 (dy + d»)
S3(41) = § (RD)YV2(B1 + P2 + B3+ Pa)

enr =
SRR
I
mw»—-
<

S1(Bg) =4 (r1 + 12 —rg —ryg)
Sa(Bg2) = 2712 (d; — ds)
S3(Bz) = § (RD)Y2(B1 + B2 — B3 — fa)

18 R. C. Lorp and P. VENKATESWARLU, J. Chem. Phys.
20, 1237 [1952].

19 W. E. SnuLER and W. H. FLETCHER, J. Mol. Spectry 1,
95 [1957].

20 8. J. Cyvix, J. Chem. Phys. 29, 583 [1958].

21 K. VENKATESWARLU and M. G. Krisa~xa Prorar, Z.
Phys. Chem. Frankfurt 18, 396 [1958].

22 J. M. Mirts and J. L. Duxcax, J. Mol. Spectry 9, 244
[1962].

23 K. VENKATESWARLU and K. V. Rasavaksuwmi, Proc. In-
dian Acad. Sci. A57, 186 [1963].

24 T, M. MruLs, W. L. Smrta, and J. L. Duxcax, J. Mol.
Spectry 16, 349 [1965].

S1a =3 (r1—re+r3—ry)

Saq =3 (RD)V2 (81 — P2 + Pz — fa)
S3q =Dy,

Ssa = 2712(R D)2 (y1 + y2)

S1p =4 (r1—re—r3+ry)

Sap =3 (RD)V2(B1 — o — Pz + pa)
S3p = Doy

— 212 (RD)U2 (— y1 + p2).

3. Planar Symmetrical W,X,Y, Model

Fig. 5 shows the butatriene molecule model 28-31,

which is an extension of the considered planar X, Y4
model, where two central atoms (W) have been

25 A. G. Mak1 and R. A. TorH, J. Mol. Spectry 17, 136

26 B, ANDERSEN, R. SToLEVIK, J. BRuxvoLL, S. J. Cyvix,

27

28

29

30

31

and G. HageN, Acta Chem. Scand. 21, 1759 [1967].

L. NemEs, J. L. Duxcax, and I. M. M1LLs, Spectrochim.
Acta 23 A, 1803 [1967].

S.J. CyviNn, B.N. Cyvin, P. KrLagsor, and E. Ava-
DAHL, Acta Chem. Scand. 19, 833 [1965].

F. A. MiLLER and I. MATSUBARA, Spectrochim. Acta 22,

G. Nagarasax and J. R. Duric, Bull. Soc. Roy, Sci.
Liége 36, 111 [1967].

K. VENRATESWARLU, K. V. Rasavaksamri, and A. Na-
TARAJAN, Bull. Soc. Roy. Sci. Liege 36. 347 [1967].
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added. Symmetry coordinates:

S1(Ay) =% (r1 + 712+ 13+ 74)

S2(Ag
Sz (A,
Ss(Ag
S1(Bgg) =
Sa(Bs
S1(Bsg) =
Sz (Bsg
S3(Bsg

= 2712 (d; + do)

t
= Y (RD)YV2(B1 + B2+ B3+ Pa)
= 2712 (R D)2 (— y1 + y2)
= 2"12(D T)Y2 (— 1 + o)
t(ri—retr3—rg)

=3 (RD)YV2(f1 — B2+ Pz — Pa)
2712(D T)Y2 (g1 — @2)

Fig. 5. Planar symmetrical W2X2Y4 molecular model; sym-
metry Doy, R, D and 7T are used for the equilibrium di-
tances of X—Y, W—X and W—W, respectively, and the
equilibrium YXY angle is 2.4. Valence coordinates as in
the planar X>Y4 model of Fig. 1 (¢) with some extensions.
The out-of-plane bendings y; and y2 here involve the atoms
(1,2,5,7) and (3, 4, 6, 8). respectively. ¢; and y; (i = 1, 2)
are linear bendings perpendicular to-each other as indicated
on the figure.

Fig. 4. Twisted symmetrical WX2Y4 molecular model ; sym-
metry Dsgq. R and D are used to denote the equilibrium
X—Y and W—X distances, respectively, and the equilib-
rium YXY angle is 24. Valence coordinates as in the
twisted X2Y4 model of Fig. 1 (d, e) with few extensions.
The out-of-plane bendings y; and y2 here involve the atoms
(1,2,5,7) and (3, 4. 6, 7), respectively. The new coordinates
denoted ¢, and ¢, are linear bendings for the 5—7—6
chain in the xz and yz planes, respectively.

S(dy)= R~
S1(Biu) = $(r1 +ra —r3 —r4)
Se (B1u) = 27172 (d1 —dz)
S3(Biu) = $ (B 2(Br+ P2 — Pz — Pa)
S1(B2u) = %(71 . 72 — 13+ 14)
Se(B2y) = 3 (RD)V2(f1 — f2 — f3 + Pa)
S3(Bau) = 2712 (D T)1V2 (g1 + ¢2)
S1(Bsu) = 2712 (R D)2 (y1 + y2)
Se(Bsy) = 2712 (D T)12 (y1 + w2).



